Abstract. In this paper, we prove that a rational map with a Cantor Julia set carries no invariant line field on its Julia set. It follows that a structurally stable rational map with a Cantor Julia set is hyperbolic.
Introduction and statements
Let f :Ĉ →Ĉ be a rational map of the Riemann sphere to itself of degree d 2. The map f is hyperbolic if there are a smooth conformal metric ρ defined on a neighborhood of the Julia set J (f ) and a constant C > 1 such that f (z) ρ > C for all z ∈ J (f ). It is equivalent to every critical point of f tends to an attracting periodic cycle under forward iteration. See [21, 24] .
Let Rat d be the space of all the Möbius equivalence classes of rational maps of degree d . The space Rat d has dimension 2d − 2. A central problem in holomorphic dynamics is the following.
Conjecture 1 (Density of hyperbolicity). The set of hyperbolic rational maps is open and dense in the space Rat d .
Openness of the set of hyperbolic rational maps is known, but density is only known in the family of real polynomials, see [7, 10, 11, 14, 21, 28] .
A rational map f admits an invariant line field on the Julia set J (f ) if there is a measurable Beltrami differential μ(z)
Theorem A ([23]). The no invariant line field conjecture implies the density of hyperbolic dynamics in the space of all rational maps.
The absence of invariant line fields on the Julia set is known in the following cases: (1) Non-infinitely renormalizable quadratic polynomials, [15, 16, 28, 31] . (2) Robust infinitely renormalizable quadratic polynomials and real quadratic polynomials, [21] . (3) Real polynomials with only one non-escaping critical point which is real and has odd local degree, [13] . (4) Real rational maps (non Lattès example) whose critical points are all on the extended real axis and have even local degrees, [27] . (5) Summable rational maps with completely invariant Fatou domains, [17] . (6) Summable rational maps with small exponents, [6] . (7) Weakly hyperbolic rational maps, [8] .
In this paper we will prove
Theorem 1. Let f be a rational map with a Cantor Julia set. Then f carries no invariant line fields on its Julia set.

Remark 1. (1)
It is reasonable to conjecture that a Cantor Julia set always has measure zero. Theorem 1 can be regarded as a step towards this conjecture.
(2) As a special case of Theorem 1, we disprove a question in the Chapter 12 of [3] .
Remark 2.
After we posed our paper on ArXiv(math.DS/0609255), Kozlovski and van Strien announced that a non-renormalizable polynomial-like box mapping carries no invariant line fields on its Julia set. See [12] . It corresponds to the case that f has an attracting fixed point in Theorem 1. But it seems there are no details of the proof in their paper.
Let X be a complex manifold. A holomorphic family of rational maps {f λ (z)} λ∈X is a holomorphic map X ×Ĉ →Ĉ, given by (λ, z) f λ (z). Let X s ⊂ X be the set of structurally stable parameters. That is, a ∈ X s if and only if there is a neighborhood U of a such that f a and f b are topologically conjugate for all b ∈ U. The space X qc ⊂ X of quasiconformally stable parameters is defined similarly, with conjugacy replaced by quasiconformality.
Using the Harmonic λ-Lemma of Bers and Royden, McMullen and Sullivan proved the following result.
Theorem B ( [20, 23] Remark 3. The same result in Theorem 2 was also proved by Makienko under some additional assumptions, see [18] .
A nested sequence of some critical pieces constructed by Kozlovski, Shen, and van Strien in [11] , which we shall call "KSS nest", will play a crucial rule in the proof of Theorem 1. Principal nest and modified principal nest are used to study the dynamics of unicritical polynomials, see [2, 4, 9, 14] . In [14] , Lyubich proved the linear growth of its "principal moduli" for quadratic polynomials. This yields the density of hyperbolic maps in the real quadratic family. The same result is also obtained by Graceyk andŚwiatek in [7] . See also [21] and [28] . Recently, the local connectivity of Julia sets and combinatorial rigidity for unicritical polynomials are proved in [9] and [2] by means of principal nest and modified principal nest. This paper is organized as follows. In Section 2, we present some distortion lemmas which are used in Section 4. In Section 3, we introduce the Branner-Hubbard puzzle about rational maps with Cantor Julia set and the KSS nest constructed in [11] . By means of the KSS nest and the distortion lemmas, we prove that the shapes of some critical puzzle pieces are bounded in Section 4. In Section 5, we give the proofs of Theorem 1 and Theorem 2.
Distortion lemmas
Any doubly connected domain A on the complex plane is conformally equivalent to one of the following three types of typical domains:
In the case A is conformally equivalent to A R , the modulus of A is defined as mod(A) = 
Proof. For any ω ∈ U, let h ω (z) be a conformal map from Δ onto U with h ω (0) = ω. Then
So we can take c = c(m) = (1 − r 0 ) 2 8r 0 > 0, which satisfies the inequality
Let U be a simply connected domain and ω ∈ U. The shape of U about ω, denoted by Shape(U, ω), is defined as
Then there exists a constant
There are points z R ∈ ∂U and z r ∈ ∂U such that R = |z R | and r = |z r |.
The holomorphic proper map g can be written as
where θ ∈ [0, 2π) and a j ∈ Δ, j = 1, . . . , d . By the first assumption, we have a j ∈ U and |a j | < |z R | < 1 for all j .
Consider the annulus {z | |z| < R} \ U, we have
By Grötzsch Theorem, there exists a constant c 0 = c 0 (
On the other hand,
in which c and r 0 come from Lemma 1 and its proof. It follows that
Branner-Hubbard puzzle and KSS nest
From now on, we always assume that the Julia set J (f ) of a rational map f is a Cantor set. The Fatou set F(f ) has only one component. It is either an attracting basin or a parabolic basin.
We first construct the Branner-Hubbard puzzle.
The attracting case. We assume that ∞ is the fixed attracting point. Take a simply connected
For a large enough integer N 0 , f −n (U N 0 ) has only one component for any n 0. The set f −n (Ĉ \ U N 0 ) is the disjoint union of a finite number of topological disks. For each n 0, let P n be the collection of all components of f −n (Ĉ \ U N 0 ) which are called puzzle pieces of depth n.
For any point x ∈ J (f ) and any n 0, there is only one P n (x) ∈ P n containing x. Thus each point x ∈ J (f ) determines a nested sequence P 0 (x) ⊃ P 1 (x) ⊃ · · · and n 0 P n (x) = {x}. The parabolic case. We suppose that 0 is the parabolic fixed point and ∞ is in the Fatou set. According to the Leau-Fatou Flower Theorem, there is a flower petal U 0 ⊂ F(f ) with 0 ∈ ∂U 0 such that U 0 ⊂ f −1 (U 0 ) ∪{0}. We can construct the puzzle as in the attracting case. Each point x ∈ J (f ) \ n 0 f −n (0) determines a nested sequence P 0 (x) ⊃ P 1 (x) ⊃ · · · and n 0 P n (x) = {x}.
Take N 0 large enough such that U N 0 contains all critical points in the Fatou set and each puzzle piece contains at most one critical point.
Let
in the attracting case and [3] . It is a two dimension array {P n,l (x)} n 0,l 0 with P n,l (x) = f l (P n+l (x)) = P n (f l (x)). The position (n, l) is called critical if P n,l (x) contains a critical point of f . If P n,l (x) contains a critical point c, the position (n, l) is called a c-position. The tableau T (c) of a critical point c ∈ Crit is called periodic if there is a positive integer k such that P n (c) = f k (P n+k (c)) for all n 0. Since the Julia set is a Cantor set, T (c) is not periodic for all c ∈ Crit.
All the tableaus satisfy the following three rules (T1) If P n,l (x) = P n (c) for some critical point c, then P i,l (x) = P i (c) for all 0 i n. (T2) If P n,l (x) = P n (c) for some critical point c, then P i,l+j (x) = P i,j (c) for i + j n. (T3) Let T (c) be a tableau for some critical point c and T (x) be any tableau. Assume (a) P n+1−l,l (c) = P n+1−l (c 1 ) for some critical point c 1 and n > l 0, and P n−i,i (c) contains no critical points for 0 < i < l. (b) P n,m (x) = P n (c) and P n+1,m (x) = P n+1 (c) for some m > 0.
Then P n+1−l,m+l (x) = P n+1−l (c 1 ).
Definition 1.
(1) The tableau T (x) for x is non-critical if there exists an integer n 0 0 such that (n 0 , j ) is not critical for all j > 0.
(2) We write x → y if for any n 0, there exists j > 0 such that y ∈ P n,j (x), i.e., f j (P n+j (x)) = P n (y). It is clear that x → y if and only if y ∈ n>0 f −n (x) or y ∈ ω(x), the limit set of the forward orbit of x. If x → y and y → z, then x → z. For each critical point c ∈ Crit, let Take N 0 large enough such that for any c ∈ Crit, there is no c -position in the first row of
is reluctantly recurrent}, Crit en = {c ∈ Crit | c → c and c → c for some c ∈ Crit n }, Crit ep = {c ∈ Crit | c → c and c → c for some c ∈ Crit p }, Crit er = {c ∈ Crit | c → c and c → c for some c ∈ Crit r }.
This is not a classification because these sets might intersect.
The following lemma can be found in [26] .
Now, we briefly introduce a critical nest which is constructed by Kozlovski, Shen, and van Strien in [11] . Such nest will be called KSS nest.
Let A be an open set and x ∈ A. The connected component of A containing x will be denoted by Comp x (A). Given a puzzle piece I , let
For any z ∈ D(I ), let L z (I ) be the connected component of D(I ) containing z. We further defineL
For any z ∈ D(I ), let k 1 be the integer such that f k (L z (I )) = I and let n 0 be the depth of I . By tableau rules (T1) and (T2), there is at most one c-position on the diagonal 
For details, see [11] or [26] .
Definition 2. Given a puzzle piece P containing c 0 , a successor of P is a piece of the form L c 0 (Q), where Q is a child ofL c (P) for some c
It is clear that L c 0 (P) is a successor of P. Since T (c 0 ) is persistently recurrent, P has at least two successors and that P has only finitely many successors. Let Γ (P) be the last successor of P. Then there exists an integer q 1, the largest among all of the successors of P, such that f q (Γ (P)) = P. From the definition of successor, we have
Now we can define the KSS nest in the following way: I 0 is a given piece containing c 0 and for n 0, L n = A(I n ), 
See Figure 1 .
Let p n = q n−1 + s n + t n . Then f p n (K n ) = K n−1 and
For any puzzle piece J containing c 0 and z ∈ J ∩ orb([c 0 ]), let r z (J ) = k(z) 1 be the smallest integer such that f k(z) (z) ∈ J and
It is obvious that
The following lemma plays a crucial rule in the proof of our results and in [26] .
Lemma 4 ([11]). For any
The following is an immediately corollary.
Corollary 1.
For any n 1, (1) s n−1 r(L n ); (2) r(I n ) 2 3b r(I n−1 ).
Bounded shape of puzzle pieces
We suppose T (c 0 ) is persistently recurrent and puzzle pieces c 0 ∈ K n ⊂ K n ⊂ K n are constructed as in the previous section. For the polynomial case, the following is the key lemma in [26] .
Lemma 5 ([26]). lim inf
n→∞ mod(K n \ K n ) > 0.
Lemma 6.
There exist a constant m > 0 depending only on b and d max , and an integer n 0 such that mod(K n \ K n ) m and mod(K n \ K n ) m for all n n 0 .
Proof. In the attracting case, the annuli K n \ K n and K n \ K n are always non-degenerate.
In the parabolic case, there exists an integer n 0 such that K n \ K n and K n \ K n are non-degenerate for n n 0 . In fact, there is an integer k 0 such that P 0 (c 0 ) \ P k 0 (c 0 ) is non-degenerate because c 0 ∈ n 0 f −n (0) and n 0 P n (c 0 ) = {c 0 }. Take P k 0 (c 0 ) as I 0 in the construction of KSS nest. By Corollary 1,
So there exists an integer n 0 such that
for n n 0 . This implies that K n \ K n and K n \ K n are non-degenerate for n n 0 because K n and K n are pullbacks of I 0 = P k 0 (c 0 ).
By the same proof of Lemma 5, mod(K n \ K n ) μ for some constant μ > 0 depending only on b and d max when n n 0 . See [26] .
Suppose
= depth(A(I n−1 )) − depth(B(I n−1 ))
we conclude that K n ⊂ K n from Corollary 1. From properties (P1), (P2) and (P4),
Take m = μ D . This m depends only on b and d max , and satisfied the conditions set out in this lemma.
Proposition 1. There exists a constant
for n n 0 , where n 0 is the integer in Lemma 6.
By Koebe Distortion Theorem and Lemma 2, there exists a constant K depending only on b and d max such that Shape(K n+1 , c 0 ) K · Shape(K n , c 0 ) 1 2 hold for all n n 0 . We conclude that Shape(K n , c 0 ) M 1 for some constant M 1 > 0 when n n 0 .
Remark 4.
Arguments for polynomial-like box mappings in [12] can be used to simplify the proof of Proposition 1.
Proofs of Theorem 1 and Theorem 2
Recall the definition of Crit in Section 3. Let X 1 = n 0 f −n (Crit) in the attracting case and
in the parabolic case, where 0 is the parabolic fixed point.
For any x ∈ J (f ) \ X 1 , let 
Then
Crit
Further let
Lemma 7.
For any x ∈ X 2 ∪ X 3 , there exist a puzzle piece P 0 of depth 0 and infinitely many i n such that
Proof. There are four possibilities.
(1) T (x) is non-critical, i.e. Crit(x) = ∅. There exists an integer n 0 0 such that (n 0 , j ) is not a critical position for all j > 0. For any n 1, deg(f n | P n 0 +n (x) ) deg(f | P n 0 +1 (x) ). The degrees of these maps
has an upper bound D < ∞. Take a subsequence i n of n 0 + n such that P 0 (f i n (x)) = P 0 for some fixed puzzle piece P 0 . Then
(2) x → c for some c ∈ Crit n (x). From (1), there are a puzzle piece P 0 , a positive integer N 1 and infinitely many j n such that deg(f j n : P j n (c) → P 0 ) N 1 for all n. For each n, let l n be the first moment such that f l n (x) ∈ P j n (c), i.e., (j n , l n ) is the first c-position on the j n -th row in T (x). By tableau rules (T1) and (T2), there is at most one c -position on the diagonal
for any c ∈ Crit(x) \ {c}. There exists a positive integer N 2 depending on Crit(x) such that deg(f l n : P j n +l n (x) → P j n (c)) N 2 .
Take i n = j n + l n and
and infinitely many integers k n 1 such that {P n 0 +k n (c )} n 1 are children of P n 0 (c 1 ). Since c ∈ [c], we have x → c . For each n, let m n be the first moment such that f m n (x) ∈ P n 0 +k n (c ). There is at most one c-position on the diagonal {(n, m) | n + m = n 0 + k n + m n , n 0 + k n < n n 0 + k n + m n } in T (x) for any c ∈ Crit(x) − {c }. Therefore, f m n +k n (P n 0 +k n +m n (x)) = P n 0 (c 1 ) and there is an integer N 3 independent of n such that deg(f m n +k n | P n 0 +kn +mn (x) ) N 3 < ∞ for any n 1. Take i n = n 0 + k n + m n , D = N 3 + deg(f n 0 | P n 0 (c 1 ) ) and P 0 = f n 0 (P n 0 (c 1 )). Then
(4) x ∈ X 3 , i.e. Crit n (x) ∪ Crit r (x) = ∅ and Crit ep (x) = ∅. Take c 0 ∈ Crit ep (x). Let{(0, j n } n 1 be all c 0 -positions in T (x). We claim that there is at most one c-position on the diagonal {(n, m) | n + m = j n , 0 < n j n } for all c ∈ Crit(x). If this is false, there are at least two c-positions on this diagonal for some c ∈ Crit(x). This means c ∈ Crit p (x) and c 0 ∈ F(c). By Lemma 1, F(c) = [c] and c 0 ∈ Crit p (x). It contradicts with c 0 ∈ Crit ep (x). So the above claim is true. There exists a positive integer D such that
Take a subsequence {i n } of {j n } such that P 0 (f i n (x)) = P 0 for a fixed P 0 . Then
Proposition 2. mes(X 1 ∪ X 2 ∪ X 3 ) = 0, where mes denotes the Lebesgue measure on the complex plane C.
Proof. It is sufficient to prove that any point x ∈ X 2 ∪ X 3 is not a density point of J (f ). From Lemma 7, for any point x ∈ X 2 ∪ X 3 , there exist a puzzle piece P 0 and infinitely many i n such that
The attracting case.There is a subsequence of {i n }, say itself, such that {f i n (x)} converges to some point x 0 ∈ J (f ). We assume that f i n (x) ∈ P 1 (x 0 ) for all n. It is obvious that there is a disk D(y, r 0 ) in P 1 (x 0 ) ∩ F(f ) for some constant r 0 > 0. By distortion results for holomorphic p -valent mappings(see [5, 8, 27, 29, 30] ), there are constants 1 M < ∞ and 0 < λ < 1 depending on x such that Shape(P i n +1 (x), x) M and mes(P i n +1 (x) ∩ J (f )) mes(P i n +1 (x)) λ for all n. Since n 0 P i n +1 (x) = {x}, the point x is not a density point of J (f ). The parabolic case. If there are a puzzle piece P n 0 of depth n 0 compactly contained in P 0 and infinitely many i n such that f i n (x) ∈ P n 0 , we can prove that x is not a density point of J (f ) by the same argument as in the attracting case. Otherwise, a subsequence of {f i n (x)}, say itself, converges to some point x 0 ∈ ∂P 0 . The point x 0 belongs to n 0 f −n (0). We assume that 0 is the parabolic fixed point as before. In the construction of the Branner-Hubbard puzzle, the flower petal U 0 can be chosen such that there exists a sector S ⊂ P 0 with the vertex at x 0 . For all n, let r n > 0 be the distance from the point f i n (x) to the boundary of the sector S. Let
and
By the Leau-Fatou Flower Theorem, there is a disk
for large n. By the same argument as above, x is not a density point of J (f ).
Recall the definition of invariant line fields in Section 1. Let H(f ) be the collection of all holomorphic maps h : U → V, where U, V are open sets such that there exist i, j ∈ N with f i • h = f j on U.
The following proposition due to Weixiao Shen is a criterion to test whether a rational map carries invariant line field on its Julia set or not.
Proposition 3 ([27]
). Let f be a rational map of degree 2 and x be a point in J (f ). If there are a constant C > 1, a positive integer N 2 and a sequence h n : U n → V n in H(f ) with the following properties: (1) U n , V n are topological disks and
(2) h n is a proper map of degree between 2 and N . (3) For some u ∈ U n such that h n (u) = 0 and for v = h n (u) we have Shape(U n , u) C and
Then for any f -invariant line field μ, μ(x) = 0 or μ is not almost continuous at x. Proof. For x ∈ X 4 , Crit(x) = Crit p (x) = ∅. Let c 0 ∈ Crit p (x) and let K n ⊂ K n ⊂ K n be puzzle pieces around c 0 as in Section 3.
For any n n 0 , the annuli K n \ K n and K n \ K n are non-degenerate. Let l n be the first
. For large n, the puzzle piece V n (x) contains no critical points. Let v n > 0 be the smallest integer such that
From the conditions
and Crit(x) = Crit p (x), we know that f v n : V n (x) → Λ n is conformal and
for some constant D 2 depending only on Crit(x). By Proposition 1 and Lemma 2, Let Γ n = L c ( Λ n ), U n = L x ( Γ n ) and f u n ( U n ) = Λ n . Further let U n (x) = Comp x f −u n ( Λ n ), U n (x) = Comp x f −u n (Λ n ) and U n (x) = Comp x f −u n (Λ n ). Then
for some constant D 3 depending only on Crit. There exists a positive constant M 3 > 0 such that Shape(U n , x) M 3 .
For each large n, define h n = f −v n •f u n .Then h n : U n (x) → V n (x) is a properly holomorphic mapping of degree between 2 and some constant N . All conditions in Proposition 3 are satisfied, hence the lemma holds.
Proof of Theorem 1. If f has an invariant line field μ on the Julia set J (f ), then there exists a positive measure subset E of J (f ) such that support(μ) = E. Since μ is measurable in C, almost every point in C is almost continuous. From Proposition 4 and Proposition 2, mes(X 4 ∩ support(μ)) = 0 and mes(support(μ)) = 0. It is a contradiction. So f carries no invariant line field on its Julia set.
Recall that the Teichmüller space of a rational map f of degree d is defined by Teich(Ĉ, f ) = {g ∈ Rat d | g is quasiconformally conjugated with f }/Aut(Ĉ).
C. McMullen and D. Sullivan have given a formula to compute the dimension of Teich(Ĉ, f ) in [23] . By the implicit function theorem, any rational map with indifferent cycles is structurally unstable, therefore f has no Siegel disks or parabolic basins. Moreover, any rational map with Herman rings is also structurally unstable by a result due to Mañé, see [19] . These imply that N HR = N P = 0. From Theorem 1, N LF = 0. We conclude that N AC = 2d − 2 and all critical points are in the attracting Fatou components. It means that f is hyperbolic.
Theorem C ([23]). The dimension of the Teichmüller space of a rational map is given by
